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ABSTRACT

Gravitationally lensed quasars are optical mirages in space, formed when the gravitational potential of a foreground galaxy
distorts light produced by a background quasar. They have gained much attention over the past four decades due to their rarity
and usefulness. Lensed quasar systems serve as laboratories in space, providing information about the distribution of dark matter
in distant galaxies, as well as the age, size, and expansion rate of the universe. During this time, astronomers have located
most of the large-separation (greater than 1.5 arcsecond separation), easily-identifiable systems, but many small-separation (sub
arcsecond separation) systems remain undiscovered.This project attempts to solve this problem by developing an automatic
algorithm capable of identifying “quads,” or quadruply lensed quasars, from low-resolution sky-survey images.The algorithm
applies a polar shapelet decomposition method to 10,000 Dark Energy Survey (DES) extragalactic objects and 2,000 synthetically
generated quads to understand which combination of shapelets are unique to lens systems. A probability grid was constructed
over shapelet phase-space to quantify the relative likelihood that a given DES object is a lens. By using this approach, my
program was able to narrow the number of targets from the original 10,000 to the 10 most likely quad lens candidates.
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2 INTRODUCTION
As described by Einstein’s theory of general relativity, light is bent by
the gravitational potential of massive objects in space. Therefore, all
distant objects have slightly distorted appearances. This phenomenon
is known as weak lensing. However, when the background object and
the lensing object are aligned within a few arcseconds, the deflection
of light is more extreme. Light can be stretched into arcs and even
form multiple images of the source (Figure 1). This optical mirage
is called strong lensing. While gravitational lensing refers to lensing
in both the weak and strong regimes, I will only focus on strong
lensing. In this paper I present research on multiply-imaged quasars:
these are an exceptionally rare occurrence of only 1 in roughly 1000
quasars (Morgan 2002). Put another way, over the past four decades,
© 0000 The Authors

astronomers have confirmed a few hundred lensed quasar systems.
Of those found, only 60 are quadruply-imaged quasars, also known
as “quads”. Most of these quads are larger separation systems, with 3
arcsecond separations between the duplicated images of the source.
These larger separation systems can typically be found without the
aid of a computer. However, for smaller separation systems, with less
than 1.5 arcsecond separations, it is more difficult to distinguish them
from images of galaxies. The goal of this research is to find a new
method to differentiate candidate lens systems from galaxies.
Though they may be difficult to detect, lensed quasars are incredibly useful. For instance, they can provide insight on the true expansion rate of the universe (Morgan et al. 2003; Koopmans et al. 2000;
Kochanek 2002). Scientists have long tried to calculate this value,
commonly referred to as “Hubble’s constant”. However, different calculation methods have led to inconsistent results. Quadruply lensed
quasars can serve as laboratories in space, revealing information that
could better model the universe. They can also help determine the
distribution of dark matter in lensing galaxies, which can improve our
understanding of galaxy formation and evolution (Koopmans Treu
2003; Kochanek et al. 2000; Maller et al. 2000). Astronomers are thus
constantly searching for lensed quasar systems. Therefore, having an
effective detection method is of increasing importance (Kochanek
2006).
Astronomers have already proposed a few strategies for finding
lensed quasars. While some lensed quasar systems, such as the wellknown PG 1115+080, are the result of serendipitous discoveries,
most processes involve carefully probing optical imaging surveys and
radio imaging surveys, (Pindor et al. 2003; Browne et al. 2003; Weymann et al., 1980; Walsh et al. 1979). However, techniques that use
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where 𝑓 (𝑟, 𝜃) is the two-dimensional image, 𝑓𝑛,𝑚 are the polar
shapelet coefficients, and 𝜒𝑛,𝑚 (𝑟, 𝜃; 𝛽) are the polar shapelet basis
functions, separable in r and 𝜃. 𝛽 determines the size of the shapelet.
The polar shapelets are defined using an 𝑛 and 𝑚 value (Figure 2).
The polar shapelet can be modelled using
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Figure 1. Top: Diagram describing the formation of a quadruply lensed
quasar (Source: R. Hurt, IPAC & Caltech / Gaia Gravitational Lenses group).
Bottom: Three main classifications of “quads”.

radio sources, like those presented by Burke 1990 and Haarsma et al.
2005, have ultimately faced many challenges (Kochanek et al. 2005).
Some astronomers have also started using morphological selection
and color selection techniques (Inada et al. 2008; Oguri et al. 2006).
Even still, searches that use morphological criteria, such as the Sloan
Quasar Lens Search (SQLS), are very difficult to use on large-scale
surveys. These surveys ( SDSS-II Supernova Survey; Sako et al. 2005
and Pan-STARRS; Kaiser 2004) require higher purity in candidate
selection (Agnello et al. 2015). Recently, astronomers are developing methods that use machine-learning algorithms ( Khramtsov et
al. 2019; Ostrovski et al. 2017; Agnello et al. 2015) to search for
candidate lensed quasar systems. While these new techniques have
led to notable discoveries (see Stern et al. 2020 for recent study),
most of these methods require a combination of real and simulated
lenses in order to have sufficient sample sizes to train their models
(Agnello et al. 2015). The method described here can also provide
more training data for these algorithms. The purpose of this study
is to efficiently probe large image surveys and find candidate lens
systems. To do this, a computational model will decompose images
using special geometric shapes: polar shapelets. After decomposition, this algorithm will use the results to determine the probability
that a given image belongs to a lensed quasar system.

3 POLAR SHAPELETS FORMALISM
Shapelet decomposition serves as an alternate method for image analysis. As outlined in Refregier (2003), two-dimensional (2D) images
(for example a galaxy for lensed quasar) can be deconstructed into a
linear sum of orthogonal 2D functions given by

𝑓 (𝑟, 𝜃) =

∞
∑︁

𝑓𝑛,𝑚 𝜒𝑛,𝑚 (𝑟, 𝜃; 𝛽).

𝑛=0
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The formula 𝑒 −𝑖𝑚𝜃 can be replaced with 𝑐𝑜𝑠(𝑚𝜃) − 𝑖𝑠𝑖𝑛(𝑚𝜃) by
using Euler’s formula.
This will make it easier to understand the different components of
polar shapelets. I will further describe how I implemented this in my
algorithm in §3
. The polar shapelet coefficients 𝑓𝑛,𝑚 can be found using
∬
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To make an analogy, if the basis functions and their respective
coefficients are 2D vectors, and the image is a scalar, then this
formula tells us that we can find the shapelet coefficients by taking
the dot product of the image vector with the shapelet vector. In
reality, polar shapelets are not vectors, but they do have similar
properties. These basis functions are orthonormal, which means
that if we integrate over the shapelet image, we get a value of 1.
This also means that if we conduct pixel-by-pixel multiplication
of two shapelets, and then integrate over the result, we get either
0 (if the two shapelets are different) or 1 (if the two shapelets
are the same). This is an incredibly useful characteristic of the
polar shapelet when conducting image decomposition. By taking
the "dot products" of many shapelets with a given image, we can
find which shapelets are used to create this image, as well as the
strength of each contribution. Another important characteristic is
that polar shapelets are rotationally symmetric. This means that
after partially rotating the polar shapelets, it returns to its original
orientation. Therefore, many different images can be created (and
thus decomposed) by just rotating the shapelets. The basis functions for all shapelets up to an (𝑛, 𝑚) of (6, 6), are plotted in Figure 2.
As seen in Equation 4 and Figure 2, there is both a real and
imaginary component to a given (𝑛, 𝑚) shapelet. I will call the
real component (𝑛𝑟 , 𝑚 𝑟 ) and the imaginary component (𝑛𝑖 , 𝑚 𝑖 ).
(𝑛, 𝑚) = (𝑛𝑟 , 𝑚 𝑟 ) + (𝑛𝑖 , 𝑚 𝑖 ). The basis functions for (𝑛𝑟 , 𝑚 𝑟 ) and
(𝑛𝑖 , 𝑚 𝑖 ) only differ by which part of Euler’s formula is used. However, when 𝑚 = 0, −𝑖𝑠𝑖𝑛(𝑚𝜃) becomes zero. Therefore, when 𝑚 = 0,
there is only a real component. For all other cases, it can seen that
(𝑛𝑖 , 𝑚 𝑖 ) is just a rotated version of (𝑛𝑟 , 𝑚 𝑟 ). Being able to use both
the real and imaginary components to rotate shapelets will be very
important in deconstructing images. I will describe how I implement
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this in §3.
To use the shapelets, the contribution of the real component and
imaginary component need to be calculated. To maintain simplicity,
the “strengths” of the components will be referred√to as “a” and “b”.
The overall (n,m) shapelet’s strength is merely 𝑎 2+ 𝑏 2 , and the
rotation angle of that same shapelet is given by 𝑡𝑎𝑛−1 𝑏𝑎 . The overall strengths and rotation angles will be the two main characteristics
analyzed when comparing lensed quasar deconstructions with DES
galaxy deconstructions.

4 METHODS
To begin this work, a substantial quantity of images of both galaxies
and quads were needed. Specifically, this research used 10,000 gband images from the Dark Energy Survey, as well as 1,737 quads
from the Oguri Marshall mock catalogue of lensed quasars (Oguri &
Marshall, 2010). The OM catalogue provided the relative locations
and fluxes for individual objects in each lensed quasar system. This
allowed for flexibility in how these quad images were created. To
create quad images from the OM data, a function was created to
place gaussians at each location, with the appropriate fluxes. For the
best results, it was important to make sure that the gaussian sigmas
matched the pixel scale and FWHM of the DES images. By doing this,
the quads were able to have a similar size to the galaxies. Additionally,
the background sky level was removed from the DES images so that
the brightness of the galaxy could be isolated as much as possible.
One difference between quad images and the DES images was that
the latter had background noise while the former did not. However,
as seen in §5, this did not play a major role in the decomposition and
analysis process.
The next step was to begin decomposition. Decomposition was
conducted using the methods described in the Shapelets Section.
A function was created to deconstruct the images using a specified
number of shapelets. To find a suitable center (x and y coordinates)
and beta value, a heuristic optimization approach was used. This
function then returned the real component, the imaginary component,
and the overall contribution of each (𝑛, 𝑚) shapelet. From this, the
rotational angle was also calculated for each shapelet. Lastly, the
maximum separation for each lens was calculated.
Once all images were deconstructed in this manner, the collected
data was plotted. To ensure that data could be accurately compared
to each other, a flux normalization procedure was conducted using
the process outlined in Polar Shapelets (Massey & Refregier, 2005).
Then, all combinations of the shapelet contributions for each image
were plotted (Figure 3). Another plot was made comparing the
rotation angles of the shapelets. Note that shapelets 0,0 and 2,0
were not included, because they always have a rotation angle of
0 degrees. When making the plots, it was useful to know how
shapelet contributions changed with differences in lens separations.
Therefore, the size of each point representing the lenses was made
proportional to maximum separation.
Figure 2. Top: Real components for all shapelets up to (6, 6) shapelet.
Bottom: Imaginary components for each of their real counterparts Source:
Oguri & Marshall, 2010

5 IMPLEMENTATION
One limitation of the shapelet decomposition method is the long
runtime, but in this case, it is possible to reduce the time complexity
of the program. In theory, shapelets perfectly model an image as
𝑛𝑚𝑎𝑥 → ∞, because as 𝑛𝑚𝑎𝑥 increases, the accuracy of the model
increases. However, I found that limiting the expansion to 2 terms
MNRAS 000, 1–6 (0000)
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Figure 4. These are two sample deconstructions. The top is a low-separation
system from the OM catalog, and the bottom is a DES galaxy. The plots
contain the original image, the reconstruction, the residual, and a shapelet
contributions bar graph.

rectangles in each plot will be called “spots”. For each spot, the number of lens and DES galaxy shapelet contributions will be counted.
The number of total galaxies and lenses in the plot is known. The
odds ratio (OR) can thus be calculated using

𝑂𝑅 = 
Figure 3. Top: These are the plots for all combinations of the flux-normalized
shapelet contributions. Bottom:Figure 4: This is the plot for shapelet rotation
angles for shapelets 1,1 vs. 2,2.

significantly lowered the runtime while also maintaining an accurate
decomposition (Figure 4). The effect of a limited number of terms
on the time complexity is two-fold: not only are there less terms
to compute, but also the calculation of each term is simpler. With
a large number of terms, the easiest way of computing the derivatives necessary for the Laguerre polynomials is to use recursion, a
time-intensive process. With only two terms, creating a dictionary
of these derivatives becomes reasonable. In this manner, the time
complexity of the shapelet decomposition method was reduced remarkably. However, determining the 𝑥𝑐𝑒𝑛𝑡𝑒𝑟, 𝑦𝑐𝑒𝑛𝑡𝑒𝑟 and 𝛽 used in
the decomposition remained an issue. Since these values are different
for each image, finding a perfect center and shapelet size is an undecidable problem. I therefore implemented a heuristic optimisation
approach. This optimisation is the biggest contributor to the runtime,
but has very accurate results. As there is no quicker alternative with
similarly accurate results, I decided to keep this approach despite the
increased time complexity.

6 RESULTS AND DISCUSSIONS
After plotting the shapelet contributions, a process to analyze the
results was needed. The most useful process is one that finds the
probability of an image being either a quad or a galaxy. Since the
goal is to find the most likely candidates for further investigation with
more powerful telescopes, only the relative probability is needed.
This provides a ranked list of the most likely lenses to the least likely
lenses. An odds ratio approach was able to accomplish this. For this
odds ratio technique, an imaginary 15 by 15 grid was superimposed
on top of each plot (see Figure 3 and 5). In this paper, the resulting
MNRAS 000, 1–6 (0000)
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with 𝐿𝑒𝑛𝑠 𝑠 being the number of lenses in the spot, 𝐿𝑒𝑛𝑠𝑡 being the
total number of lenses, 𝐷𝐸 𝑆 𝑠 being the number of DES galaxies in
the spot, and 𝐷𝐸 𝑆 𝑡 being the total number of DES galaxies.
The odds ratios for each spot in all plots were graphed in a heat map
(Figure 5). Once the odds ratio was found for each spot in all graphs,
probabilities (P) were calculated using

𝑃=

𝑂𝑅
𝑂𝑅 + 1

(6)

Note that those probabilities are only for certain combinations of
shapelet contributions. For determining the final probability of an
image being a lens or galaxy, all of its individual probabilities were
multiplied, and the 10 most likely lens candidates were found. See
Figure 6 for the names of the images and their respective probabilities.
The most probable lens system, from the 10,000 DES images used,
can be seen in Figure 7. These results are extremely promising. In
the image of DESJ2102, a main clump of light is visible, with a less
luminous blob to the bottom left. This "blob" certainly looks like it
is separate from the main clump of light, indicating that it is one of
the duplicates of the background quasar. Furthermore, when looking
closely at the main clump, there are noticeable asymmetries. There is
a significant portion protruding directly below the main clump. This
would indicate yet another duplicate of the background quasar. This
looks very similar to the quadruply lensed quasar system HE 02302130, described in Morgan 2002. For these reasons, DESJ2102 can be
considered an extremely strong candidate. The other 9 systems listed
in Figure 6 have similar morphology. This bolsters the credibility of
the work described in this paper. It is likely that the polar shapelet
method developed in this study is successful, but follow-up imaging is
required to verify this research. The systems presented in this paper
will be further investigated using a more powerful telescope, and
hopefully higher resolution images will reveal more lensed quasar
systems.
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shapelet decompositions of small-separation lensed quasars and
elliptical galaxies. If follow-up imaging finds new quadruply lensed
quasars, I will have developed an incredibly efficient technique for
identifying one of the rarest optical mirages in the universe.

Figure 5. Figure 6: These are the plots for the probability phase space.

Figure 6. Name of the top 10 candidate systems, with relative probabilities
of being a lens.

Figure 7. This is DESJ2102: the most probably quad lens system from the
DES catalogue. See Figure 6 for relative probabilities.

7 CONCLUSIONS
I have found 10 promising candidates after implementing the
shapelet algorithm to a dataset of lenses and galaxies, which
suggests that eventually, this method can be used to find many
gravitationally lensed quasars in new datasets. The 10 candidates
are visually very characteristic of previously discovered quad lens
systems, making this method of lensed quasar image analysis highly
credible. This research has ultimately found key differences in the
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